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Abstract 

We study the Schur elements and the a-function for cyclotomic Hecke 
algebras. As a consequence, we show the existence of canonical basic sets, 
as defined by Geck-Rouquier, for certain complex reflection groups. This 
includes the case of finite Weyl groups for all choices of parameters (in 
characteristic 0). 

1 Introduction 

Let y be a finite dimensional complex vector space. A complex reflection group 
is, by definition, a finite subgroup of Gh(V) generated by pseudo-reflections 
{i.e., non-trivial elements acting trivially on a hyperplane). The complex re- 
flection groups naturally generalize the finite Weyl groups. Several results and 
observations suggest that many properties of Weyl groups can be extended to 
this wider class of groups. In particular, to any complex reflection group W, 
one can attach a generic Hecke algebra H{W) over a ring A which can be seen 
as a "quantization" of the group algebra yl[W^]. 

li K is a finite abelian extension of Q and q is an indeterminate, there is 
a remarkable specialization of the Hecke algebra T-C{W): the cyclotomic spe- 
cialization (p. This specialization allows the definition of an algebra which has 
been intensively studied in the literature: the cyclotomic Hecke algebra Hip over 
'^kIq, Q~^]- One can define a symmetrizing trace form on which makes Hip 
into a symmetric algebra. As a consequence, to each of the simple H<^-modules 
we can associate an important polynomial which "controls" the trace form and 
part of the representation theory of Hip: the Schur element. The first aim of 
this paper is to study these elements and establish identities between the Schur 
elements of different cyclotomic Hecke algebras (Propositions 12.51 12.71 and 12. 8p . 

A natural and important problem in the representation theory of cyclotomic 
Hecke algebra is to find "good" parametrizations of the set of simple modules. 
When the algebra is (split) semisimple, by a well known result (Tits' defor- 
mation theorem) this reduces to the problem of parametrizing the irreducible 
representations of W . The simple modules are then labeled by an indexing set A 
of Irr(VF). The problem is far more difficult when the algebra is not semisimple. 
Nevertheless, it may be attacked using the associated decomposition matrix and 
the theory of basic sets developed by Geek and Rouquier in [15]. A basic set 
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is, by definition, a subset of A wliicli is in bijection with the set of simple Ti^p- 
modules. This bijection is obtained naturally with the use of the decomposition 
matrix and an ordering on A. In principle, it is not clear that a basic set always 
exists. However, the theoretic existence of such a set has been proved when W 
is a Weyl group and the associated weight function is positive (including the 
so called "equal parameter case") and, in certain cases, when is a complex 
reflection group of type G(r,p, n). In these cases, the ordering is given by the 
so called Lusztig's a-function, which can be defined using the Schur elements. 

Using the study of the Schur elements in the first part and a careful study of 
the a-function, we will be able to generalize the theorems of existence of basic 
sets to other cases. In particular, we give a complete answer to the question of 
the existence of basic sets for finite Weyl groups for all choices of parameters 
in characteristic 0. We then study in detail the consequences of our results in 
the cases of type type i?„ and then more generally type G'(d, 1, n) (that 

is the case of Ariki-Koike algebras). 

Acknowledgements. The authors would like to thank Meinolf Geek, Iain 
Gordon and Jcremic Guilhot for useful comments and discussion. 

2 Schur elements of Hecke algebras 

In this section, we recall the notions of Schur elements for generic and cyclotomic 
Hecke algebras and give the definition of the a-function. We study what happens 
to the Schur elements and the a-function when we change the parameters that 
define a cyclotomic Hecke algebra in specific ways. We note that a similar 
problem has been considered in the context of Kazhdan-Lusztig cells for finite 
Weyl groups by C. Bonnafe in [2]. 

2.1 Symmetric algebras 

Let R be an integrally closed Noetherian ring and let A be an i?-algebra which 
is free and finitely generated as an i?-modulc. We say that A is symmetric, if 
there exists a linear form t : A ^ R which satisfies the following conditions: 

(1) t{aa') = t{a'a) for all a, a' e A, 

(2) the bilinear form i : A y. A ^ R, {a,a') t{aa') is non-degenerate. 

The form t is called symmetrizing for A. 

From now on, let us suppose that the algebra A is symmetric with sym- 
metrizing form t. Let isT be a field extension of the field of fractions of R such 
that the algebra KA := K (^n A is split semisimple. We denote by lir{KA) the 
set of irreducible characters of the algebra KA. Geek has shown (cf. |8] ) that 



where is the Schur element associated to the irreducible character x- The 
Schur element s^ belongs to the integral closure of R in K (cf. [13l Proposition 
7.3.9]) and depends only on the symmetrizing form and the isomorphism class 
of the representation. 
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2.2 Generic Hecke algebras 

Let K he a finite abelian extension of Q and let y be a finite dimensional 
if -vector space. Let be a finite subgroup of GL(T^) generated by pseudo- 
reflections and acting irreducibly on V. We denote by A the set of its reflecting 
hyperplanes. We set -.^ V - [^HeA ^- For xo e we define B := 

Yiiiy^^ /W,xo) the braid group associated with W. For every orbit C of on 
A, let Sc be the set of the monodromy generators around the images in V^^/W 
of the elements of C. Moreover, we set ec the common order of the subgroups 
Wh, where H is any element of C and Wh is the pointwise stabilizer of H. 

We choose a set of indeterminates u = {uc,j)(Ci^A/w)(fi<i<ec-i) ^nd we 
denote by Z[u, u"-'^] the Laurent polynomial ring in all the indeterminates u. 
We define the generic Hecke algebra TiiW) of W to be the quotient of the group 
algebra Z[u, u~^]_B by the ideal generated by the elements of the form 

(S - UC,o)(s - Uc,l) . . . (S - Uc,ec-l), 

where C runs over the set A/W and s runs over Sc- 

We will now make some assumptions for the algebra H{W) which have been 
verified for all but a finite number of irreducible complex reflection groups ([SJ 
remarks before 1.17, §2], P^). 

Assumptions 2.1 The algebra Ti,{W) is a free Z[u, u^^]-module of rank equal 
to the order of W . Moreover, there exists a unique symmetrizing form t for 
Ti(W) which has the properties described in [31 §2A]. 

From now on, let us denote by fJ-{K) the group of all the roots of unity in 
K and set Q exp(27ri/rf) for all d > 1. Given that the assumptions 12.11 are 
satisfied, we have the following result by Malle ([31] Theorem 5.2]). 

Theorem 2.2 Letw = {vcj)[ceA/W)(o<j<ec~i) of indeterminates such 

that 4j^^' Cec^C,], for all C,j. Then the K{v)-algebra K{v)n{W) is split 
semisimple. 

2.3 Cyclotomic Hecke algebras 

Let q be an indeterminate and set q. 

Definition 2.3 A cyclotomic specialization ip : 1,k[v,v^^] — > Zxly^y^^] is a 
Tiii-algebra morphism with the following properties: 

(1) if : vc.j > 2/™'^-' where mcj £ Z for all C, j, 

(2) if z is another indeterminate, the element of 7jK[y,y^^ , z] defined by 

ec-l 

Tc{y,z) lliz-Q^y"^^-) 

is invariant under the action of Gal{K (y) / K (q)) for all C G A/W. 
We usually describe the morphism (p by the formula: 
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If is a cyclotomic specialization, then the corresponding cyclotomic Hecke 
algebra is the Z^f [g, ^"^J-algebra, denoted by Ti.^, which is obtained as the spe- 
cialization of Ti.(W) via (p. The algebra Tiip has a symmetrizing form t^p defined 
as the specialization of the canonical form t. We also have an analogue of 
Theorem 12.21 for cyclotomic Hecke algebras ([6l Proposition 4.3.4]): 

Proposition 2.4 The K{y)-algebra K(y)T-l^ is split semisimple. 

Now, by Tits' deformation theorem (cf., for example, [131 Theorem 7.4.6]), 
we obtain that the specialization vc.j ^ 1 induces the following bijections be- 
tween sets of simple modules: 

lTTiK{^^)H{W)) ^ lTT{K{y)n^) ^ Itt(W) 

Hence, if A is an indexing set for the irreducible representations of W such that 

Irr(W^) = {V^ I A e A} , 

then we can write: 

lTiiK{y)H^) = {y^^ I A e A} . 
2.4 Functions a and A 

Following the notations in [5] 6B] for every element P{y) G C[y,y^^], we call 
• valuation of P{y) at y and denote by valj,(P) the order of P{y) at 0, 



• degree of P{y) at y and denote by degj,(P) the negative of the valuation 
of P(l/y). 

Recall that y\^'^'^)\ = q. We set 

val (P) ■ ^""^y^^^ and dee (P) - '^""^^^^^ 

Let A G A and denote by the Schur element of with respect to the 
symmetrizing form t^p. We know that belongs to Zi<-[y, y~^]. We define 



-val,(s^) and := dcg,(s^)0 



2.5 Change of parameters 

The generic Hecke algebra Ti,{W) of W is generated over Z[u, u^^] by a finite 
number of elements (sf )i<i<„£,, where C runs over the set A/W, satisfying 

• braid relations, 

• (sf - uc,o)(sf - uc.i) ■ • • (sf - uc,ec-i) = 0, for all C, i. 

Let m ~ {'nT'C,j)(C£A/w){o<j<ec-i) be a family of integers. Consider the 
cyclotomic specialization ip^ : uc,j Cec?™'^ ' ^^'^ denote by Tim the corre- 
sponding cyclotomic Hecke algebra. Then Tim is generated by the elements 
{^i){CeA/w){i<i<nc)^ which satisfy the same braid relations as before and 



^In [6] and [3, the a-function is defined to be the negative of the one given here. We have 
chosen here to follow the definition of 1151 . 
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(sf - 9"'^'°)(sf - Cecg™'^-^ • • • (sf - Cr^'?""''''^"') = 0' foi" all 

For each C G A/W, there exists a natural action of the cychc group Z/ecZ 
on Z'^'^ by cychc permutation: 

ac -.mc = (toc,o, ™c,1' ■ • ■ > "^C,ec-i) crc.mc := (mci, mc,2, • ■ • , ^tico) • 
This induces an action of the group G YiceA/w (^/^c^) on the set M. := 

GxM M 
(g = (3c)ce^/VK, m = (mc)ce^/w) ^ g-m := {gc-mc)ceA/w- 

Fix g = (gc)ce^/iv G. Abusing notation, we wih identify Z/ecZ with the 
set of its coset representatives {0, 1, ...,ec — 1} C Z. For all C G A/W and i 
such that 1 < i < nc, we set 

The elements of 

s'- U U K} 

Ce^/W l<i<nc 

generate Tim- Moreover, for all C G A/W and i (1 < i < nc), the generator if 
satisfies: 

(if - q^^-c) (if - Cec'?""'^^+^) • • • (§f - c:r'9™'""^'""') = 0' 

where all subscripts are understood modulo ec- 

Now consider the cyclotomic specialization (pg.m of Ti,(W). It is given by: 

We denote by H^.m the corresponding cyclotomic Hecke algebra. We can assume 

~ c 

that Tig m is generated by the elements of S . Then Tig.m = "Wm- 
There exists an isomorphism : Hm Ti.g.m given by: 

r«(sf ) - a^if 

for all C G A/W and i (1 < i < nc)- The isomorphism F^ induces a natural 
action of the group G on the parametrizing set A as follows: If g G G and 
A G A, let ™ be the associated irreducible representation of Tig.m- The 
representation of Tim defined by the composition ™ o F^ is afforded by a 
simple "Hm-module V^. We set 

AS :=/x 

and we obtain a well-defined action: 

G X A ^ A 
(g. A) ^ AS. 
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Proposition 2.5 Let be the Schur element of Tim associated to and let 
s^* "* be the Schur element ofHg.m associated to pf'™- We have s^" = s^* ". 
In particular, a^" = a^* " • 

Proof: Let H-.^Hm^ Hg.m- For all C G A/W, we have 
Pa. (sf ) - (p! ™ o r«) (sf ) = CecP!'"(§f ) = Pl'^lsf ) for alH (1 < z < nc). 

Therefore, the representations and pf ™ are isomorphic irreducible repre- 
sentations of Ti.. Since the Schur elements depend only on the isomorphism class 
of the representation, we deduce that s^" = s^* ■ 

Given A G A and g = igc)ceA/w G G, it is natural to ask how is 
computc41. Since the action of G on A docs not depend on m, we can assume, 
without loss of generality, that m = G YlceA/w '^'^^ ■ Then wc have Hm = 
Hg.m = Ti-o — '^k[W] and p°g = p° oPS. Due to the definition of F^, we obtain 
that 



n (detc)^ 
\ceA/w 

where detc is the linear character of W defined by 

dety(sf)=Cec if C = C' 



detc(sf ) = 



1 ifCT^C, 



for all C, C G A/W and i{l < i < nc)- Moreover, if Atriv G A corresponds to 
the trivial character for W, then we have 

ceA/w 

We deduce that A^ is the element of A which satisfies: 

p% = p°x®pIi^^- 

Example 2.6 Let W = G4. In this case, there exists a single hyperplane orbit 
C under the action of W. We write Xd,b for the irreducible character of W with 
dimension d and valuation of fake degree b. Hence, the irreducible characters of 
G4 are the following: 

Xl.O, XlA, Xl,S, X2,5, X2,3, X2,l, X3,2, 

where xi.o is the trivial character for G4 and xia ~ dctc- 

The generic Heckc algebra TL^Gi) is generated over the Laurent polynomial 
ring in three indeterminates 

by the elements s and t satisfying the relations: 

sts = tst and (s - mc,o)(s ~ uc,i)(s - "0,2) = (t - uc,o)(t - uca)(t - uc,2) = 0. 



^The authors would like to thank Iain Gordon for pointing that out. 
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Let m = (toc,0: ™c,1j ™c,2) be a family of three integers. We consider the 
foUowing two cyclotomic speciahzations of 7^(6*4): 

■ { UC,1 Cs?"'^ ' and (/J^c-m : I uc,i Cs?"'^'^ 




We denote by and Hac.m respectively the corresponding cyclotomic Hecke 
algebras. If x S lir{W), then s'^'"(x) denotes the Schur element of x in 'Hm 
and s'^''c '"(^x) denotes the Schur element of x in T^ac-m We obtain the following 
equalities between the Schur elements of the two algebras: 

s'^"(xi,o) = S'^"<^"(X1,8), S'^'"(X1,4) = s^'c-^ixifi), S'^'"(X1,8) = S'^"<^"(X1,4), 

S'^-(X2,5) = S'^"^-(X2,1), S'^'"(X2,3) = S'""'^'"(X2,5), s'^'"(X2,l) = s'^"'^ - (X2,3 ) , 

S'^'"(X3,2) = S'^"'^"'(X3,2). 

Now, if n = in.c,])(C£A/w){o<j<ec-i) ^ tben (pm+n is the cyclotomic 
specialization 

such that (^m(i'cj) = y""'^ and ^m+n{vc,j) = for all C, j. 

Proposition 2.7 Let A e A. If n E M-^ , i.e., ricfi — nc.i = ■ ■ ■ = ?ic,ec-i for 
all C G A/W, then s^"" = s^"^". /n particular, a^"" = a^""^". 

Proof: Let us denote by the Schur element of HlW) associated to A G A. 
Then s^" = (^m(sX) and s^"+" = (^m+n(sX)- Following Theorem 4.2.5], 
s)^ is a homogeneous Laurent polynomial of degree in the indeterminates 
ivc.j)o<j<ec-i for all C G A/W. Due to the assumption on n, it is immediate 

that ifimiSx) = Vm+niSx)- ■ 

Finally, let (p-m be the cyclotomic specialization uc.j Cic'? ™'^"' - "^^^ 
following proposition gives some equalities involving the functions a and A. 

Proposition 2.8 Let A G A. We have a^"" = and A^"" = '^a 

Proof: We have s^"* = V'm(sX) ^^d s^"" = </5_m(sX)' where denotes the 
Schur element of H{W) associated to A G A. Therefore, s^~'"(j/) = s^'"(y~^). 
The result follows immediately from the definition of the functions a and A, 
given in p. 41 ■ 



3 Basic Sets 

We now study some of the consequences of Proposition 12.51 We focus in par- 
ticular on the modular representation theory of Hecke algebras. From known 
results and the above ones, we will be able to generalize the notion of "canonical 
basic sets" as defined by Geek and Rouquier in [T5] . 



7 



3.1 Decomposition maps 

Let 9 : 'Z,K[y,y~^] — s- fc be a ring homomorphism such that k is the field of 
fractions of 6'(Zif [y, y~^]) and 9{q) = ^, where ^ G /c^ is an element which has 
a root of order in . Considering fc as a Zi^ [y, ?/~^]-module via 9, we 

assume that the algebra fcTi^ := k '9zK[y,v-'^] split. 

As noted above, we have a canonical way to parametrize the simple modules 
for K{y)Hip. It is also desirable to obtain a "good" parametrization of the simple 
/sTii^-modules. As kTicp is not semisimple in general, Tits' deformation theorem 
cannot be applied. However, following [13l §7.4], one can use the associated 
decomposition matrix to solve that problem. 

Let R{K {y)TC^) (respectively R{kT-L^)) be the Grothendieck group of finitely 
generated isr(j/)?i^-modules (respectively A:7i;p-modulcs) . It is generated by the 
classes \U] of the simple if (y)7i^-modules (respectively fcTi^-modules) U . Then 
we obtain a well-defined decomposition map 

< : RoiKiy)n^) ^ RoikH^) 

such that, for all A £ A , we have 

The matrix 

is called the decomposition matrix associated with 9. 

We now take the setting of ij2.5l Let g S G = Ilce^/w (^/^c^^) and m G 
M ~ Y\ceA/w '^^'^ ■ Then we have two cyclotomic specializations </Jrn and i^g.m 
(with corresponding cyclotomic Hcckc algebras Tim and Tig.m respectively). 
The isomorphism : Tim ^ 'Hg.m induces two group isomorphisms at the 
level of the Grothendieck group of finitely generated modules: 

[T^]k ■■ Ro{K{y)ng.m) ^ Ro{K{y)H^) 

and 

[rs]fc : RoikHg.m) "> RoikHm). 
As a consequence, we obtain the following commutative diagram: 

Ro{K{v)n^,^) Ro{K{y)nm) 

RoikHg.m) ^ RnikHm). 

Thus, for all A S A and M G Irr(fcTig.m), we have 

where M^^ denotes the simple fcTim-niodule obtained by composition with r| : 

m ^ kl~C^ Yn 

The notion of basic sets of simple modules for Hecke algebras has first been 
considered by Geek in [5] when is a finite Weyl group. We recall this definition 
of these objects in the following section. 
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3.2 Parametrizing Hecke algebra modules 



The theory of basic sets gives canonical ways to parametrize the simple modules 
for Hecke algebras. In this section, we assume that we have a cyclotomic Hecke 
algebra Ti^ and a specialization : '^kIu, y~^] — > A: as in §3.11 By the previous 
section, we have a decomposition matrix: 



Definition 3.1 We say that admits a basic set B{ip) C A with respect to 
6 : liKiyTy^^] k if and only if the following two conditions are satisfied: 

(1) For all M G Irr(fc7i;p), there exists \m G B{lp) such that 

[V^" : M] = 1 and > a^^^ if [V^ : Af] ^ 0. 

(2) The map 

iTT{kn^) ^ B{ip) 

M ^ Xm 

is a bijection. 

Assume that kTC^ admits a basic set B{(p) C A with respect to 9. This 
implies that the associated decomposition matrix has a lower triangular shape 
with one's along the diagonal for a "good" order on A induced by the map . 
Hence, it gives a way to label Irr(fc7iy). 

The existence of basic sets has been shown for all Hecke algebras of finite 
Weyl groups in the case where the associated "weight function" is positive (jlOj). 
for special cases of Ariki-Koike algebras ([H]), and more generally for certain 
cyclotomic Hecke algebras of type G{r,p,n) ([H]). We will generalize these 
results in the following section. Before this, we need to study the consequences 
of a change of parameters for the basic sets. 

Proposition 3.2 We keep the notation of ^2.5\ and assume that kTi.^ admits 
a basic set B{ipin) C A with respect to 6 : '^kIv, y^^] ^ k. Then, for all g G G, 
the algebra fcTYgm admits a basic set B{ipg,m) C A with respect to 9 . Moreover, 

Bi^g.m) = {as" I A G . 

Proof: Let M G Irr(fcHg.m) and set N := M^i G Irr(fc7^m)- By assump- 
tion, there exists Aat G B{ipm) such that [V^^ : A^] = 1 and [V^^ : A^] ^ 
implies a^- > a'^'^. 

Now, combining Proposition 12.51 with the results of the previous section, we 

obtain that v^i := A^ ' satisfies [V^^'^ : M] = 1 and that [V^^^ : M] ^ 
implies a^^ > atl/" ■ As the map 

A ^ A 
A ^ AS ' 

is a bijection, the proposition follows. ■ 

Similarly to the above proposition, we have the following result which follows 
from Proposition [niZl 
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Proposition 3.3 Assume that /cTim admits a basic set B{ipm) C A with respect 
to 9 : 'LK[y,y~^] — > k. Then, for all n G A^*^, the algebra kTCm+n admits a 
basic set B{ipm+n) C A with respect to 0. Moreover, 

In the following sections, we study consequences of the above results on the 
basic sets for Hecke algebras of finite Weyl groups and. more generally, complex 
reflection groups. 

4 Applications 

Using the above results, we will be able to generalize the theorems of existence 
of basic sets for Hecke algebras of finite Weyl groups. 

4.1 Basic sets for Hecke algebras of finite Weyl groups 

Hecke algebras of finite Weyl groups are special cases of the Hecke algebras of 
complex reflection groups. In these cases, for all C € A/W, we have ec = 2 and 
thus, for alH (1 < i < nc), the generator sf satisfies 

for some integers rnc,o, ™c,i- 

The following theorem shows the existence of a canonical basic set for all 
finite Weyl groups and all choices of m in characteristic 0. It is an extension of a 
result originally obtained by M. Geek and R. Rouquicr ([E]) in the special case 
where there exists a G N such that mc,o = a and mc,i = for all C G A/W. 
Some generalization of the result has been considered by M. Geek ([TO]) and 
M. Geek and the second author ([TT]) in the case where mc,o G and mc,i = 0, 
for all C G A/W. We refer to [T^] for a complete survey of this theory. The proof 
of the following generalization uses as main ingredients these results together 
with the properties of the a- function established in the previous sections. 

Theorem 4.1 Assume that W is a finite Weyl group and that the characteris- 
tic of k is zero. Then for all m = i'mc.j)ceA/w. j=a.i, the algebra Tim admits a 
canonical basic set in the sense of Definition \3. 1\ with respect to any specializa- 
tion. 

Proof: If mcfl G N and mc,i = for all C G A/W, then, as noted above, 
the result has already been proved. Using Proposition 13.31 we can conclude in 
the case where we have mc.o > rnc^i for all C G A/W. Finally, the general case 
follows from Proposition 13.21 ■ 

Using the results in [TU] and the same proof as above, we have an analogue of 
the above theorem in arbitrary (good) characteristic, assuming that the conjec- 
tures PI — P15 of [10] hold. In the next section, we study in detail the case of 
the Ariki-Koike algebras and in particular, the question of the parametrization 
of the basic sets in type A„_i. 
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4.2 Ariki-Koike algebras 



The group G{d, 1, n) is the group of all monomial n x n matrices with entries in 
Z/dZ. It is isomorphic to the wreath product (Z/dZ) I 6„ and its field of defi- 
nition is K := Q{Cd)- The cyclotomic Ariki-Koike algebra of G{d, l,n) (cf. [1], 
[1]) is the algebra generated over Zx[(7, by the elements s,ti,t2, . . . ,t„_i 
satisfying the relations: 

• stisti = tistis, stj = tjS for j 7^ 1, 

• tjtj-^itj = tj^itjtj^i , tjXj = tijtj for \i — j\ ^ 1, 

• (S"q"c,o)(s_^^q'»c,i)..,(s_^^-iq™c,d-i) ^ (t^- -q"c',o ) (t^. +q™c',i ) ^ Q. 

It is well-known that, in this case, the simple modules are naturally parametrized 
by the set of d-partitions of n: 

Win) := I (A("\ . . . , A^"-!)) | V* £ {0, . . . , d - 1} A« G H^), = n| , 

I fc=o J 

where n(m) denotes the set of partitions of rank m (see [T]). The question of 
the existence of basic sets for Ariki-Koike algebras has been studied in [TB] and 
[17] (see also [H] for the case W — G{r,p,n)). In these papers, the explicit 
parametrization of the basic sets by subsets of 11'' (n) has been established. 

Using Proposition [221 we obtain the existence and the explicit parametriza- 
tion of the basic sets in other cases. For this, we give here the action of the 
group G = Z/dZ X Z/2Z on n'*(n) by describing the action of its generators. 
We also give the identities on the a-function that Proposition 12.51 implies. We 
keep the notation of §2.51 

• If g = (1,0) e G, then 

(A("\ A(i), . . . , A('^-i))s = (A('^-i), A(°), . . . , A^''-^)) 



and we have 



''(A(O), Ad), ...,A(<i-i)) ~ "(A(i), A(<i-i), A(o))• 



• If g = (0, 1) e G, then 

(A(°), aW, . . . , A(''-i))« = (aW, aW, . . . , A^'^-i)'), 
where ' denotes the usual conjugation of partitions. Moreover, we have 

"(A(0), A(i),..., A(<i-i)) ~ "(A(0)', A(i)', AC'i-i)')- 



Here we only wish to study in detail the case of finite Weyl groups where the 
existence of canonical basic sets has been established for all choices of parameters 
by Theorem 14.11 (which is not the case when d > 2). We focus in particular on 
type A„_i. 
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4.3 An example : type 

Let us now study the case of type A„_i. The associated cyclotomic Hecke 
algebra is generated over Z[(7, by the elements ti, t2, . . . , t„_i satisfying 
the relations: 

The set A is the set n(7i) of partitions of rank n and G is the group Z/2Z. The 
bijection on A induced by the non-trivial element of G is then the conjugation 
of partitions. Assume that mc,o G N and mc,i = 0. Then, if A = (Ai, . . . , A,.) G 
n(n), we have 

r 
i=l 

Following the discussion in the previous section, we deduce that, in the general 
case, 

r 

{mcfi - mc,i)^(i - l)Aj if mc,o > "ic,i, 
1=1 

s 

{mcs - rncfl)^{i - 1)A,- if mc,o < "ic,i, 
1=1 

where A' = (A'j^, . . . , A'^) denotes the conjugate partition of A (hence, s = Ai). 
Proposition 12.81 implies that A^"" = a^,"". Obviously, if mc,o > wc,i, we have 

where > denotes the usual dominance order on partitions. The next result 
follows from [7] and Proposition 13.21 

Proposition 4.2 Let 9 be a specialization such that g(^q'^"^c.o-mc,i ^ primitive 
root of 1 of order e > 1 . 

(1) Assume that m zs such that mcfl > rnci- Then Tim admits a basic set 
B{ipm) C A with respect to 9 and we have 

B((y5m) = R.egg(n) 

where the set Regg(n) of e-regular partitions is defined by 

A i Reg,(n) ^ 3i e N, A, = ■ ■ • = A,+e-i ^ 0. 

(2) Assume that m is such that mcfl < n^c,i- Then Tim admits a basic set 
B{ipin) C A with respect to 9 and we have 

B{ipm) Rese(n) 

where the set ReSe(n) of e-restricted partitions is defined by 

A e Rese(n) Vi £ N, Aj - A.^+i < e - 1. 

Ill type i?„, the parametrization of the basic sets is more complicated to 
describe and uses objects coming from the crystal basis theory for the quantum 
group Uq{5{e)- A complete study of this case, including connections with other 
remarkable objects related to Hecke algebras (the constructible representations), 
will be presented in [TH] . 




12 



References 

[1] S. Ariki and K. Koike, A Hcckc algebra of {TLjrTL) \ 6„ and construction 
of its irreducible representations. Adv. Math. 106 (1994), no. 2, 216-243. 

C. BONNAFE, Semicontinuity properties of Kazhdan-Lusztig cells, preprint 
2009. 

M. Broue and S. Kim, Families de caracteres des algebres de Hecke 
cyclotomiques. Adv. in Mathematics 172(2002), 53-136. 

M. Broue and G. Malle, Zyklotomische Heckealgebren. Representations 
unipotentes generiques et blocs des groupes reductifs finis. Asterisque No. 
212 (1993), 119-189. 

M. Broue, G. Malle and J. Michel, Towards Spetses I. Trans. Groups 
4, No. 2-3(1999), 157-218. 

M. Chlouveraki, Blocks and families for the cyclotomic Hcckc algebras. 
Lecture Notes in Mathematics 1981, Springer- Verlag Berlin Heidelberg, 
2009. 

R. Dipper and G. D. James, Representations of Hecke algebras of general 
linear groups, Proc. London Math. Soc. 52 (1986), 20-52. 

M. Geck, Beitragc zur Darstcllungsthcorie von Iwahori-Hcckc-Algebren. 
RWTH Aachen, Habihtations-schrift, 1993. 

M. Geck, Kazhdan-Lusztig cells and decomposition numbers. Represent. 
Theory 2 (1998), 264-277 (electronic). 

M. Geck, Modular representations of Hecke algebras. Group representa- 
tion theory, 301-353, EPFL Press, Lausanne, 2007. 

M. Geck and N. Jacon, Canonical basic sets in type i?„. J. Algebra 306 
(2006), no. 1, 104-127. 

M. Geck and N. Jacon, Representations of Hecke algebras at roots of 
unity, monograph, in preparation. 

M. Geck and G. Pfeiffer, Characters of Coxeter groups and Iwahori- 
Hcckc algebras. LMS monographs. New series no. 21, Oxford Univ. Press, 
2000. 

M. Geck, L. Iancu and G. Malle, Weights of Markov traces and generic 
degrees. Indag. Math. 11(2000), 379-397. 

M. Geck and R. Rouquier, Filtrations on projective modules for 
Iwahori-Hecke algebras. Modular representation theory of finite groups 
(Charlottesville, VA, 1998), 211-221, de Gruyter, Berlin, 2001. 

N. Jacon, On the parametrization of the simple modules for Ariki-Koike 
algebras at roots of unity. J. Math. Kyoto Univ. 44 (2004), no. 4, 729-767. 



13 



[17] N. Jacon, Crystal graphs of higher level (j-deformed Fock spaces, Lusztig 
a-values and Ariki-Koike algebras. Algebr. Represent. Theory 10 (2007), 
no. 6, 565-591. 



[18] N. Jacon, Constructiblc representations and basic sets in type in 
preparation. 

[19] N. Jacon and G. Genet, Modular representations of cyclotomic Hecke 
algebras of type G{r,p,n). Int. Math. Res. Not. 2006, Art. ID 93049, 18 
pp. 

[20] G. Lusztig, Hecke algebras with unequal parameters. CRM Monograph 
Series, 18. American Mathematical Society, Providence, RI, 2003. 

[21] G. Malle, On the rationality and fake degrees of characters of cyclotomic 
algebras, J. Math. Sci. Univ. Tokyo 6(1999), 647-677. 



14 



